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Reliability Analysis of -out-of- Systems With
Single Cold Standby Using Pearson Distributions
Arjan J. C. van Gemund and Gerard L. Reijns

Abstract— -out-of- systems with cold standby units are typically studied for unit lifetime distributions that allow analytical
tractability. Often, however, these distributions differ signicantly
from reality. In this paper, we present an analytical approach to
compute the mean failure time for -out-of- systems with a single
cold standby unit for the wide class of lifetime distributions that
can be captured by the Pearson distribution. The method requires
the rst four statistical moments of the unit’s lifetime distribution to be given, and computes the mean failure time using the
Pearson distribution as an intermediate vehicle during the numerical integration. Experimental results for various instances of the
Weibull distribution show that the numerical accuracy of the approach is high, with less than 0.5 percent error across a large range
of -out-of- systems.
Index Terms—Cold standby, failure time analysis, order statistics, Pearson approximation, redundant systems.

ACRONYMS
BDD

Binary decision diagram.

TMR

Triple modular redundant.

MC

Monte Carlo.

NOTATIONS
Failure time of composite system.
Number of units.
Lifetime pdf of a unit.
Lifetime cdf of a unit.
Lifetime of primary unit .
-th order statistic of

iid variates.

I. INTRODUCTION
YSTEM reliability analysis often concerns analyzing
-out-of- systems. A -out-of- system is operational
when at least
out of the
units work, where for series
systems
while for parallel systems
. Compared to
active redundancy, cold standby redundancy can offer a better
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cost-reliability trade-off when switching times are sufciently
short, assuming the standby units are new (or repaired as good
as new). Many approaches have been published for the failure
time analysis of -out-of- systems with cold standby units,
either in an application context that allows repair [1], [4], [18],
[21], [22], or where repair is not possible [5], [17].
For tractability reasons, the unit lifetime is typically assumed
to have a negative-exponential distribution. While a constant
failure rate assumption enables a simple analysis and the use
of Markov models [2], [9], [11], [15], the resulting failure time
errors of the composite system can be signicant when the components have other types of distributions, in particular, when
is large [14].
In many engineering cases, the unit’s lifetime is determined
by cumulative damage, or by the damage in the multiple components within the unit. This fact leads to more complex distributions (e.g., [3] where bell-shaped Weibull distributions are
used to model fatigue life). As a simple example of the estimation errors that arise from assuming negative-exponential distributions, consider a 5-unit series system where the unit’s lifetime is (equally) distributed according to a Weibull distribution
with shape parameter
(bell-shaped). If one would model
the units according to a negative-exponential distribution (with
same mean), the estimation error for the series system’s failure
time would already exceed 100%, while growing with system
size. In [10], the failure time distribution of -out-of- systems
cold standby units is described without requiring
with
negative-exponential distributions. However, this approximate
approach provides acceptable results for large only.
In this paper, we present an alternative, analytical method to
compute the mean failure time of -out-of- systems with cold
standby for arbitrary unit lifetime distributions. The method
is based on approximating the unit’s pdf by a Pearson distribution, determined by the rst four statistical moments of the
unit’s lifetime. The mean failure time of the -out-of- system
is computed using numerical integration. This generic approach
offers a design tool for -out-of- systems with cold standby
for a wide range of lifetime distributions. The approach carries
a number of restrictions.
1) First, the lifetime distribution must be unimodal, and
amenable to sufciently accurate modeling by the Pearson
distribution.
2) Second, while the -out-of- systems can have arbitrary
and , the analytical approach is typically limited to one
cold standby only, as will be explained later on.
3) Finally, while requiring four moments of the input failure
distribution, the method only provides the rst moment of
the resulting failure time distribution. However, the rst
moment, and its high accuracy, offers valuable design feedback.
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Our method is inspired by earlier work [14], where -out-ofsystems were studied without cold standby. That approach is
also based on the use of Pearson distributions as an intermediate, analytical vehicle, effectively providing a “4-moments-in-4-moments-out” calculus for th-order statistics and
additions. While the calculus has been shown to provide an
excellent cost-performance trade-off [14], the subsystem failure
times are required to be s-independent. While the failure time
of very specic instances of -out-of- systems with cold
standby (such as the simple systems in [1], [5], [18], [22]) can
be solved using this calculus, the -independence requirement
prohibits its application to arbitrary -out-of- systems with
cold standby redundancy, which motivates our paper. A typical
example of such a system is shown in Fig. 1, comprising two
primary units
,
, and a cold standby
. All units are
identical, statistically and physically. The two units must be
operational for the entire system to function (series system).
When either
or
fails (
in the example),
replaces
it, such that the system stays operational. When either
or
subsequently fail ( in the example), the system fails (at
time
in the gure). The system can be used as a low-cost
alternative to triple modular redundant (TMR) systems in, e.g.,
aerospace [16] where payload weight and power consumption
are critical. Rather than having all three units online, only two
units are active. As long as both units provide consistent results,
the system is operational. When an inconsistency is detected,
the cold spare is activated, detecting the failing unit through
majority voting. Compared to classical TMR, standby redundancy increases the operational lifetime without additional cost
(of course, the time to switch on the cold standby unit must be
acceptably short).
Let the lifetimes of , , and
be , , and , respectively. Failure of the series composition of the rst two units
and
occurs at time

after which the cold spare
maining unit
occurs at

Failure of

is switched on. Failure of the re-
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Fig. 1. Example series system with cold standby.

variables. In [7], a Markov model is described where correlations are included in the model. However, this approach (again)
is restricted to negative exponential distributions, in contrast to
the aim of our paper.
In this paper, we show how the above correlation problem
can be solved when considering one cold spare only, enabling
an analytic solution to the system’s mean failure time
for
general distributions. We assess the solution’s accuracy for a
wide range of -out-of- systems with single cold standby with
unit lifetime distributions taken from Weibull distributions that
range from a negative-exponential shape to a bell-shape. Our
results show that the estimation accuracy for
is within half
of a percent.
The paper is organized as follows. In Section II, we briey
summarize the Pearson distribution and some main results on
order statistics. In Section III, we present our solution to computing
, while in Section IV we empirically evaluate its accuracy. In Section V, we summarize our ndings.
II. PRELIMINARIES

occurs at time

In this section, we briey describe the Pearson distribution,
and summarize some order statistics results that we use in the
paper.

Consequently, the system fails at
(1)
While the individual terms , , and the addition of to
are covered by the moments calculus, the correlation between
the and the
expressions prohibits the application of
the calculus to the top-level “min” expression (a problem that
would not exist, had negative-exponential lifetime distributions
been assumed).
Extending the calculus to handle correlation is problematic.
While, e.g., additions pose no analytical difculty in computing
the resulting moments when the correlation of the arguments
is given, computing these correlations is difcult. Furthermore,
little is known about order statistics of sequences of correlated

A. Pearson Distribution
With its four parameters, the Pearson method can model a
wide range of distribution shapes. It can model non-standard
lifetime distributions of real components, which motivates our
choice for this distribution as an intermediate vehicle in the analytic derivation of
.
It has been shown by Pearson that the derivative of any density function
can be approximated by [19]
(2)
The parameters ,
four raw moments

,
,

, and
can be derived from the rst
,
, and
of the target density
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function. To greatly improve numerical stability, one rather derives the above Pearson parameters for a version of the target
function that has been shifted by
such that its rst moment
becomes zero. This amounts to computing the Pearson parameters from the four target moments given by

is (numerically) computed such that
inteand where
grates to 1 within its domain.
If
,
becomes a Pearson type II distribution
according to
(11)
where

(3)
Given , , , and
according to [13]

, the Pearson parameters are derived

(12)

(4)
where

. Depending on whether

with having the opposite sign of the skew. We have limited
the domain of
to
.
If
,
becomes a Pearson type III distribution according to

(5)
has real roots with different signs, complex roots, or real roots
with the same sign, the integration of (2) results in different analytical expressions [19]. The expression to be obtained depends
on the criterion

(13)
if the skew is positive, and

(14)
By dening
(6)
(7)
becomes

B. Order Statistics Results
(8)

In the following, we describe the different distribution types, as
modied by us to improve numerical stability. Details can be
found in [13].
If
,
becomes a Pearson type I distribution according to
(9)
for the domain

if the skew is negative.
If
, depending on the value of , this case is treated as
Pearson type I or type II. All three types have occurred during
our experiments. More implementation details can be found in
[13].

From the example in the Introduction, it is clear that analysis
of
generally involves computing the distributions of the
-th order statistic
of a series of -independent, identically
distributed (iid) variables, as well as of the minimum of two
variables (“min”).
The failure time distribution of -out-of- systems equals
, i.e., the
-th order statistic of the iid
lifetimes.
The pdf of the
-th order statistic
of
iid variables is given by [6]

where

(15)
of two -inFurthermore, the pdf of the minimum
dependent, but not necessarily identical variables,
and
is
given by [14]
(16)
(10)

For identical units, this equation reduces to (15) for
(a series system).

, and
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III. FAILURE TIME ANALYSIS
Fig. 2 generalizes the 2-out-of-2 system, which was given in
the Introduction (see Fig. 1). Fig. 2 shows a -out-of- system
with 1 cold standby. All units have equal lifetime distributions.
Again, without loss of generality, let the units
be ordered
in increasing lifetime sample , as shown in the gure. Consequently, equals the -th order statistic
.
At
, the rst units have failed, after which the cold
spare is turned on. The failure time of the system is given by
(17)
where
denotes the lifetime of the cold unit. As mentioned
earlier, the above expression of suffers from the fact that the
arguments of the “min” expression are correlated. To solve this
problem, we rewrite the expression for as follows. Because,
unlike a “min” operator, a “ ” operator allows correlating terms
to be handled, we rewrite the expression to

(18)
. Equation (18) has two advantages.
by subtraction of
1 The correlation within the “
” expression is removed.
Consequently, the existing moments calculus in [14] can
be applied to the “min” expression (16).
2 Despite their mutual correlation, the difference between
and
can be computed because the pdf of
the difference
is given by [6]

(19)
We are still left with the fact that both arguments of the addition in (18) are still correlated, the extent of which is hard to
determine. Consequently, only the rst moment
of can
be solved.
In summary, computing
involves the following steps.
1 Compute the raw moments of
using
(19), where
is the Pearson distribution derived
from the rst four moments of the unit’s lifetime (cf.
Section II-A).
2 Compute the rst moment of
using (16), where
, and
are
the Pearson distributions tting the previously computed
moments of
in Step 1, and the moments
of the (cold) unit lifetime, respectively.
3 Compute the rst moment of
using (15), where
is the Pearson distribution derived from the rst four
moments of the unit’s lifetime. Add this moment to the rst
moment computed in Step 2 resulting in
.
While the reliability analysis for -out-of- systems with one
cold standby can be handled by the above approach, the situation for multiple standby units becomes more complicated.
Fig. 3 depicts the timing of a 3-unit series system with two
cold standby units
, and
, with lifetimes , and , respectively. The failure time when
has been switched on is
given by
. At this time,
is switched
on. However, the combinational “explosion” caused by the var-
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prohibits a simple, unious failure sequences of , , ,
conditional expression in terms of just order statistics and additions, as shown in (18). Fig. 4 shows the binary decision diagram (BDD)-like expression tree for . The depth of the tree
is proportional to the minimum of and the number of cold
standby units , as system failure occurs when less than primary units and standby units are operational. At rst glance, the
expression tree would seem amenable to the moments calculus.
Each condition can be rewritten in terms of
. As
mentioned earlier, the moments of the left-hand side of the comparison can be computed. Because the left-hand and right-hand
side terms are -independent, the moments of the condition can
be evaluated using Pearson distributions, similar to the functions described earlier. Furthermore, the moments of a conditional expression could be expressed in terms of the moments
of the condition, the “then” clause, and the “else” clause, if
the conditions and clauses were -independent [8]. However,
the recursive application of the moments computation for each
condition poses the same dependence problem as found earlier.
Because the leaves and the conditions downstream in the tree
inherit terms from their predecessor conditions, the correlation
between the conditions and clauses prohibits a straightforward
computation of the moments. Also, when the tree would be collapsed to an exponential list of individual (leaf) expressions according to
,
,
,
otherwise;
(20)
for most clauses the problem would translate to evaluating
the moments of a logical expression with correlating terms,
which, again, prohibits computing the moments. In principle,
this problem could be addressed by deriving the joint probability distribution of the three consecutive -th,
-th, and
-th order statistics (an extension of the derivation for
and
in (19)). But whether the computational complexity
of a solution for large systems still outweighs numerical simulation becomes questionable.
As becomes clear from the above, there are two cases where
the above tree reduces to an unconditional expression, i.e., when
either or
are one. Thus the only multiple cold standby
conguration that can be handled is for a single primary unit
, for which it can be easily seen that the failure time is
given by
(21)
where denotes the number of standby units, which makes the
computation of
trivial. The other case
is the focus
of this paper.
A. Implementation
Fig. 5 lists the algorithm that implements the computation of
(15), (16), (19). The rst four raw moments of the unit
lifetime distributions are denoted by
,
,
,
. Given
the four moments, PEARSON() computes the Pearson distribution
, and the associated lower and upper bound of its domain, as explained in Section II-A.
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-out-of- system with one cold standby unit.

iterations are sufOur experiments show that
cient to guarantee that numerical accuracy is not limited by
integration errors. Note that our implementation is based on
simple Euler integration as our primary aim is to demonstrate
the inherent accuracy of our approach, rather than optimizing
the
ratio.
IV. EXPERIMENTAL RESULTS
Fig. 3. Example series system with two cold standby units.

Tables I–III show the accuracy of
range of -out-of- systems
tributions given by

for the interesting
, for Weibull dis-

(22)

Fig. 4. Expression tree for example
standby units.

-out-of-

system timing, two cold

The rst two integration loops (lines 5–16) correspond to
(19), and compute the moments , , ,
of
.
The second integration loop (lines 23–28) computes
according to (16). Because
both arguments to the “min” operation have different mean
values, the Pearson distribution of the second argument
is shifted by
to ensure that
and
are apart
in the numerical integration. In the computation of the rst
moment ( , line 27),
is added back to to compensate
for the fact that the Pearson distribution has been centralized
around
. Details are found in [14].
The third integration loop (lines 32–36) computes the order
statistic
. Again, the original rst moment is added to
in the computation of the rst moment ( , line 35). Finally,
is derived in line 37.

, and shape parameter ranging from
with scale parameter
(negative-exponential) to
(bell-shape). The tables
list the Weibull shape parameter , system parameters and
,
as measured by Monte Carlo (MC) simulation of (18)
(denoted
),
as computed by our algorithm (denoted
), and the corresponding estimation error in percents.
is averaged over 10 000 000 samples, yielding a 95%
condence interval of less than 0.1%.
MC simulation uses samples taken from the Weibull distribution. The algorithm’s input moments
,
,
,
are based
on the Weibull distribution’s raw moments
(23)
The estimation error is given by
(24)
As can be seen from all tables, the approach exhibits excellent accuracy, in full agreement with the accuracy of the Pearson
approach as reported in [14] for Gaussian distributions. The
error is in the same range as the error obtained when directly
comparing the moments as measured from the Pearson distribution with the Pearson distribution’s input moments based on
the Weibull distribution (23).
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Fig. 5. Algorithm for the computation of
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TABLE I
ACCURACY [%] FOR THE WEIBULL DISTRIBUTION

V. CONCLUSION
The analysis of -out-of- systems with cold standby units
typically involves negative-exponential unit lifetime distributions. This approach may lead to severe prediction errors where
the actual distribution shapes are different (wear and tear, cumulative damage, units that are complex systems themselves).
In this paper, we have presented an analytical solution to the
mean failure time
of -out-of- systems with a single cold

TABLE II
ACCURACY [%] FOR THE WEIBULL DISTRIBUTION

standby for arbitrary distributions. The method assumes the rst
four statistical moments of the unit’s lifetime distributions to
be known, and has been implemented for the wide range of
unit lifetime distributions that can be modeled by the Pearson
distribution. MC simulation experiments for a wide range of
-out-of- systems with 1 cold standby have shown that the
estimation error of
is consistently less than 0.5% for the
various distribution shapes taken from the Weibull distribution,
ranging from negative-exponential to bell shape. For multiple
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TABLE III
ACCURACY [%] FOR THE WEIBULL DISTRIBUTION

cold standby units, the method suffers from a combinatorial
state explosion involving correlated terms that prohibit the approach to offer a practical solution, except for systems with a
single primary unit.
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